Chapter 4

Partitioning and Divide-and-Conquer
Strategies

In this chapterwe eplore two of the most fundamental techniques in parallel program-
ming, calledpartitioning anddivide and conquemwhich are related. In partitioning, the
problem is simply dided into separate parts and each part is computed sepdbatalg

and conquer usually applies partitioning in a recursive manner by continually dividing the
problem into smaller and smaller parts before solving the smaller parts and combining the
results. First, we will nidew the technique of partitioning. Then we discuss reeersi
divide-and-conquer methods. Xewe outline some typical problems that can beeblv

with these approaches. As usual, weeha selection of scientific/numerical and real-life
problems at the end of the chapter.

4.1 PARTITIONING

4.1.1 Partitioning Strategies

Partitioning simply dvides the problem into parts. It is the basis of all parallel program-
ming, in one form or anotheFhe embarrassingly parallel problems in the last chapter used
partitioning. Most partitioning formulations, however, require the results of the parts to be
combined to obtain the desired resuértRioning can be applied to the program data (that
is, to dviding the data and operating upon theidkd data concurrently). This is called
data partitioning or domain decompositionPartitioning can also be applied to the
functions of a program (that is,villing the program into independent functions and
executing the functions concurrently). Thisfisctional decompositiorThe idea of per-
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forming a task by diding it into a number of smaller tasks that when completed will
complete the carall task is, of course, well knm and can be applied in masituations,
whether the smaller tasks operate upon parts of the data or are separate concurrent func-
tions.

It is much less common to find concurrent functions in a problatddia partition-
ing is a main stratgy for parallel programming.oltake a really simple data partitioning
example, suppose a sequence of numbegrs,. X,—;, are to be added. This is a problem
recurring in the tet to demonstrate a concept; clearly unless there were a huge sequence of
numbers, a parallel solution would not be worthwhile. However, the approach can be used
for more realistic applications involving complex calculations on large databases.

We might consider diding the sequence into parts ofn/m numbers eachx{ ...
Xrvm)-1)» Kevm -+ X@rm)-1)» -+ Km-1ym -+ Xn-1), at which poinim processors (or pro-
cesses) can each add one sequence independently to create partial sompariidlessums
need to be added together to form the final sum. Figure 4aksshe arrangement in which
a single processor adds tingpartial sums. Notice that each processor requires access to the
numbers it has to accumulate. In a message-passing system, the nuocietreeed to be
passed to the processors indually. (In a shared memory system, each processor could
access those numbers iamted from the shared mempmend in this respect, a shared
memory system would clearly be more convenient for this and similar problems.)

The parallel code for thisxample is straightforard. For a simple masteslave
approach, the numbers are first sent from the master processoret@releessors. The
slawe processors add their numbers, operating independently and concuNexttlyhe
partial sums are sent from the slaves to the master processor. Finally, the master processor
adds the partial sums to form the result. Often, we talk of processes rather than processors
for code sequences, where one process is best mapped onto one processor.

It is a moot point whether broadcasting the whole list of numbenrgety slave or
only sending the specific numbers to eachesiabest, since in both cases all numbers must
be sent from the mastdrhe specifics of the broadcast mechanismld/need to be kin
in order to decide on the relativnerits of that mechanism. A broadcast wiltda single
startup time rather than separate startup times when using multiple send routines and may
be preferable.

First, we will send the specific numbers to eacheslsing indiidualsend() s. Given

X0 - Xim)-1 Xn/m -+ X(2n/m)-1 Xm-1)n/m -+ Xn—1

Partial sums

Sum

Figure 4.1 Partitioning a sequence of numbers into parts and adding the parts.
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n numbers anan slaves, wheren/m is an intger, the code using separatend() s and
recv() S might look like the following:

Master
s =n/m; /* number of numbers for slaves*/
for(i=0,x=0;i<m;i++,X=x+5)
send(&numbers[x], s, P i) /* send s numbers to slave */
result = 0;
for (i=0;i<m;i++) { /* wait for results from slaves */
recv(&part_sum, P ANY:
sum = sum + part_sum; /* accumulate partial sums */
}
Slave
recv(numbers, s, P master ); I* receive s numbers from master */
sum = 0;
for (i=0;i<s;i++) /* add numbers */
part_sum = part_sum + numbersi;
send(&part_sum, P aster ); * send sum to master */

If a broadcast or multicast routine is used to send the complete ligrio save,
code is needed in each\sato select that part of the sequence to be used by thee sla
adding additional computation steps within the slaves, as in

Master
s =n/m; /* number of numbers for slaves */
bcast(numbers, s, P slave_group )i * send all numbers to slaves */
result = 0;
for (i =0; i< m;i++){ /* wait for results from slaves */
recv(&part_sum, P any)s
sum = sum + part_sum; /* accumulate partial sums */
}
Slave
bcast(numbers, s, P master ) [* receive all numbers from master*/
start = slave_number * s; /* slave number obtained earlier */
end = start + s;
sum = 0;
for (i = start; i < end; i++) /* add numbers */
part_sum = part_sum + numbersi;
send(&part_sum, P aster ) * send sum to master */

Slawes are identified by a process ID, which can usually be obtained by calling a library
routine. Most often, a group will first be formed and theeslaumber is an instance or rank
within the group. The instance or rank is angetefrom O tom — 1, where there anm
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processes in the group. MPI requires communicators to be established, and progesses ha
rank within a communicatpas described in Chapter 2. Groups can be associated within
communicators, and processeseéhavank within groups. PVM has the concept of groups,
but a unique process ID can also be obtained fromPihe spawn() routine when the
process is created, which could be used &y wimple programs. (PVM process IDs are
not small consecutive integers; they are similar to normal UNIX process IDs.)

If scatter and reduce routines are availdtiiee code could be

Master

s=n/m; /* number of numbers */
scatter(hnumbers,&s,P group -root=master); /* send numbers to slaves */
reduce_add(&sum,&s,P  4qyp ,root=master); /* results from slaves */

Slave

scatter(numbers,&s,P group »foot=master); /* receive s numbers */

reduce_add(&part_sum,&s,P group -foot=master);/* send sum to master */

Remembera simple pseudocode is used throughout. Scatter and reducei@@dvehen
used) have manadditional parameters in practice to include both source and destination
(see Chapter 2, Section 2.2.4). Normgélig operation of a reduce routine will be specified
as a parameter and not as part of the routine name as here. Using a parametemdoes allo
different operations to be selected easilyde will also be needed to establish the group of
processes participating in the broadcast, scatter, and reduce.

Although we are adding numbers, npamher operations could be performed instead.
For example, the maximum number of the group could be found and passed back to the
master in order for the master to find the maximum number of all those passed back to it.
Similarly, the number of occurrences of a number (or charamter string of characters)
can be found in groups and passed back to the master.

Analysis.  The sequential computation requires 1 additions with a time com-
plexity of O(n). In the parallel implementation, the total number of processes usekllis
Our analyses throughout separate communication and computation. It is easier to visualize
if we also separate the actions into distinct phases. As witl prablems, there is a com-
munication phase followed by a computation phase, and these phases are repeated.

Phase 1 — Communication. First, we need to consider the communication aspect
of the m slave processes reading thefim numbers. Using indidual send and recss
routines requires a communication time of

teomm1= Mtstartup™ (VM)tgatd

wheretgiapiS the constant time portion of the transmissiontgggiis the time to transmit
one data word. Using scatter might reduce the number of startup times; i.e.,

teomm1= tstartup™ Ntgata

IMPI has these, but PVM version 3 only has reduce.
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depending upon the implementation of scatierary event, the time compity is still
o(n.

Phase 2 — Computation. Next, we need to estimate the number of computational
steps. The slee processes each adfin numbers togetherequiringn/m — 1 additions.
Since allm slave processes are operating togetiex can consider all the partial sums
obtained in the/m — 1 steps. Hence, the parallel computation time of this phase is

tcompr=n/m-1

Phase 3 — Communication. Returning partial results using ingual send and
receive routines has a communication time of

tcomm2= m(tstartup+ tyata
Using gather and reduce has:

tcomm2= tstartup™ Mlata
Phase 4 — Computation. For the final accumulation, the master has to addnthe
partial sums, which requires— 1 steps:
tcomp2=m—1
Overall. The overall execution time for the problem (with gather and scatter) is
th= (tcomm1* tcomm2 + (tcompl"' tcomp?)
= (Mtsartupt (VM)tyard Hstartupt Migatd + (VM -1+ m~1)
= (M + Disarrupt (0 + Mtgagt M+n/m
or
t,=0M +m)

We see that the parallel time comyitg is worse than the sequential time conxjthe of
O(n). Of course, if we consider only the computation aspect, the parallel formulation is
better than the sequential formulation. Ignoring the communication aspect, the speedup
factor, S is given by

S = s __ n-1

tIO n/m+m-2

The speedup tends tofor largen. However, for smallen, the speedup will be quitevio
and worsen for an increasing number ofvels, because tha slaves are idle during the
second phase forming the final result.

Ideally, we want all the processes to be eaetiall of the time, which cannot be
achieed with this formulation of the problem. tdever another formulation is helpful and
is applicable to aery wide range of problems — namelye dvide-and-conquer approach.

4.1.2 Divide and Conquer

The diide-and-conquer approach is characterized Wigidig a problem into subproblems
that are of the same form as thegtarproblem. Further diions into still smaller sub-
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problems are usually done by recursion, a method well known to sequential programmers.
The recursie method will continually dide a problem until the tasks cannot be lerok
down into smaller parts. Then thery simple tasks are performed and results combined,
with the combining continued with iger and lager tasks. JaJa (1992) fdifentiates
between when the mainork is in dviding the problem and when the maironk is
combining the results (t, quicksort with magesort). He catgorizes the method asvitie
and conquer when the mairoik is combining the results, and auezes the method as
partitioning when the mainavk is dividing the problem. \& will not male that distinction
but will use the terndivide and conquearytime the partitioning is continued on smaller
and smaller problems.

A sequential recursive definition for adding a list of numbérs is

int add(int *s) [* add list of numbers, s */

{

if (number(s) =< 2) return (n1 + n2); /* see explanation */

else {
Divide (s, s1, s2); /* divide s into two parts, s1 and s2 */
part_suml = add(s1); [*recursive calls to add sub lists */

part_sum2 = add(s2);
return (part_suml + part_sumz2);

}

As in all recursie definitions, a method must be present to terminate the recursion when
the dvision can go no furthem the codenumber(s) returns the number of numbers in the

list pointed to bys. If there are tw numbers in the list, tigeare callech1 andn2. If there

is one number in the list, it is called andn2 is zero. If there are no numbers, bethand

n2 are zero. Separaite statements could be used for each of the cases: 0, 1, or 2 numbers
in the list. Each would cause termination of the recursive call.

This method can be used for other global operations on a list, such as finding the
maximum numbeit can also be used for sorting a list byiding the list into smaller and
smaller lists to sort. Mgesort and quicksort sorting algorithms are usually described by
such recursi definitions; see Kruse (1994). Oneuld neer actually use recursion to add
a list of numbers when a simple itevatisolution exists, but the following is applicable to
any problem that is formulated by a recursive divide-and-conquer method.

When each dision creates tw parts, a recunge dvide-and-conquer formulation
forms a binary tree. The tree isweased downward as calls are made and @wd/when the
calls return (a preorder trarsal gven the recurse definition). A (complete) binary tree
construction showing the “divide” part of divide and conquer is shown in Figure 4.2, with
the final tasks at the bottom and the root at the top. The root processviides dhe
problem into tw parts. These twparts are eachwded into tvo parts, and so on until the
leawes are reached. There the basic operations of the problem are performed. This construc-
tion can be used in the preus problem to dide the list of numbers first into baparts,
then into four parts, and so on until each process has one equal part of the whole. After

2As in all of our pseudocode, implementation details are omitted. For example, the length of a list may
need to be passed as a parameter.
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adding pairs at the bottom of the tree, the accumulation occurs\eragdree construc-
tion.

Figure 4.2 shas a complete binary tree; that is, a perfectly balanced tree with all
bottom nodes at the sameéé This occurs if the task can beidied into a number of parts
that is a pwer of 2. If not a paver of 2, one or more bottom nodes will be at omellkigher
than the others.df conenience, we will assume that the task can Wieell into a number
of parts that is a power of 2, unless otherwise stated.

Initial problem

Divide
problem

Final tasks O

Figure 4.2 Tree construction.

Parallel Implementation. In a sequential implementation, only one node of the
tree can be visited at a time. A parallel solutiofersfthe prospect of tvarsing seeral
parts of the tree simultaneous@nce a diision is made into tev parts, both parts can be
processed simultaneousiyhough a recurge parallel solution could be formulated, it is
easier to visualize it without recursion. They ks realizing that the construction is a tree.
One could simply assign one processor to each node in the tree. dilidtultimately
require "1 - 1 processors todile the tasks into®parts. Each processopuid only be
active at one leal in the tree, leading to @ry ineficient solution. (Problem 4-5¢plores
this method.)

A more eficient solution is to reuse processors at eag#l [&f the tree, as illustrated
in Figure 4.3, which uses eight processors. Thigidh stops when the total number of pro-
cessors is committed. Until then, at each stage each processy tkalf of the list and
passes on the other half. Fig§,communicates witR,, passing half of the list #,. Then
Pg andP,4 pass half of the list they hold Ry andPg, respectively. FinallyPq, P,, P4, and
Pg pass half of the list tiyehold toP4, P3, Ps, andP, respectiely. Each list at the final
stage will haen/8 numbers, on/p in the general case pprocessors. There are lptpvels
in the tree.

The “combining” act of summation of the partial sums can be done assho
Figure 4.4. Once the partial sums have been formed, each odd-numbered processor passes
its partial sum to the adjacentsm-numbered processor; thatRg,passes its sum R, P3
to P,, P5 to P4, and so on. Theven-numbered processors then add the partial sum with its
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Original list

Xn-1

Figure 4.3 Dividing a list into parts.

own partial sum and pass the result anty as shown. This continues uflhas the final
result.

We can see that these constructions are the same as the ppengube broadcast
and @ther algorithms described in Chapter 2, Section 2.3.3. The constructioltsmap
onto a hypercube perfectlytare also applicable to other systems. As with yipettube
broadcast/gther algorithms, processors that are to communicate with other processors can
be found from their binary addresses. Processors communicate with processors whose
addresses d#r in one bit, starting with the most significant bit for thasion phase and
with the least significant bit for the combining phase (see Chapter 2, Section 2.3.3).

Final sum

Figure 4.4 Partial summation.
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Suppose we statically create eight processors (or processes) to add a list of numbers.
The parallel code for proceBg might take the form

Proces$
/* division phase */
divide(s1, s1, s2); /* divide sl into two, s1 and s2 */
send(s2, P y); [* send one part to another process */

divide(s1, s1, s2);

send(s2, P »);

divide(s1, s1, s2);

send(s2, P o}

part_sum = *s1; /* combining phase */
recv(&part_sumil, P o)
part_sum = part_sum + part_suml;
recv(&part_suml, P 2);
part_sum = part_sum + part_suml;
recv(&part_suml, P 4);
part_sum = part_sum + part_sumi;

The code for proced®, might take the form

Proces$,

recv(sl, P q); [* division phase */
divide(s1, s1, s2);

send(s2, P );

divide(s1, s1, s2);

send(s2, P ),

part_sum = *s1; /* combining phase */
recv(&part_suml, P 5);

part_sum = part_sum + part_sum1;

recv(&part_suml, P 6);

part_sum = part_sum + part_sum1;

send(&part_sum, P g);

Similar sequences are required for the other processes.

Analysis.  We shall assume thats a paver of 2. The communication setup time,
tstartup 1S NOt included in the following for simplicity. It is left as an exercise to include the
startup time.

The dvision phase essentially only consists of communication if we assume that
dividing the list into tvo parts requires minimal computation. The combining phase
requires both computation and communication to add the partial sume&deard pass on
the result.

Communication . There is a logrithmic number of steps in theviion phase; i.e.,
log p steps withp processes. The communication time for this phase is given by
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_n n n n _n(p-1)
teomm1 = étdata+ thdata"' étdata+ T Btdata - p Lgata
wherety,4iS the transmission time for one datard: The timé;y,,m1iS maginally better
than a simple broadcast. The combining phase is similar, except only one data item is sent
in each message (the partial sum); i.e.,

tcomm2 = tdatéogp

for a total communication time of

t t n(p-1)

tdata"' tdatJOQ p

comm comm1+ tcommz -

or a time complexity o©(n) for constanp.

Computation. At the end of the dide phase, the/p numbers are added together.
Then one addition occurs at each stage during the combining phase, leading to

n
Leomp = B"' logp

again a time complexity @gd(n) for constanp. For largen and variablg, we getO(n/p).
The total parallel execution time becomes

- n(p=1) n
tp - Ttdata+ tdata!ng*'BHng

assuming thap is a pever of 2. The ery best speedup we coulpect with this method
is, of coursep when allp processors are computing their partial sums. The actual speedup
will be less than this due to the division and combining phases.

Clearly, another associative operasuch as subtraction, logical OR, logical AND,
etc., can replace the addition operation in theipus exkample. The basic idea can also be
applied to galuating arithmeticxgpressions where operands are connected with an arith-
metic operatorThe tree construction can also be used for operations such as searching. In
this case, the information passed apavis a Boolean flag indicating whether or not the
specific item or condition has been found. The operation performed at each node is an OR
operation, as shown in Figure 4.5.

Found/ @

Not found

/\ /\ Figure 4.5 Part of a search tree.
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4.1.3 M-ary Divide and Conquer

Divide and conquer can also be applied where a taskié®diinto more than two parts at
each stage. For example, if the task is broken into four parts, the sequential recursive defi-
nition would be

int add(int *s) /* add list of numbers, s */

{

if (number(s) =< 4) return(nl + n2 + n3 + n4);

else {
Divide (s,s1,s2,s3,54); /* divide s into s1,s2,s3,s4*/
part_suml = add(s1); [*recursive calls to add sublists */

part_sum2 = add(s2);
part_sum3 = add(s3);
part_sum4 = add(s4);
return (part_suml + part_sumz2 + part_sum3 + part_sum4);

A tree in which each node has four children, asmshim Figure 4.6, is called a
guadtree A quadtree has particular applications in decomposinediwensional regions
into four subrgions. For gample, a digitized image could bevidied into four quadrants
and then each of the four quadrantsd#id into four subquadrants, and so on, asvaho
Figure 4.7. Arocttreeis a tree in which each node has eight children and has application
for dividing a three-dimensional space recigbi. An m-ary tree vould be formed if the
division is intomparts (i.e., a tree witlm links from each node), which suggests that greater
parallelism is @ailable asnis increased because there are more parts that could be consid-
ered simultaneously. It is left as an exercise to develop the equations for computation time
and communication time (Problem 4-7).

Figure 4.6 Quadtree.
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Image area_|

First division
into four parts~{

Second division\

Figure 4.7 Dividing an image.

4.2 DIVIDE-AND-CONQUER EXAMPLES

4.2.1 Sorting Using Bucket Sort

Suppose the problem is not simply to add together numbers in autisd, $ort them into
numerical orderThere are manpractical situations that require numbers to be sorted, and
in consequence, sequential programming classes spend a great deal ofelopgrdgthe
various vays that numbers can be sorted. Most of the sequential sorting algorithms are
based upon the compare andlgange of pairs of numbers, and we will look at parallelizing
such classical sequential sorting algorithms in Chapter 9. Let us look at one sorting
algorithm here calleducket sortBuclet sort is not based upon compare amhange, but

is naturally a partitioning method. ever bucket sort only verks well if the original
numbers are uniformly distrifbed across a kmo intenal, say 0 taa — 1. This interal is
divided intom equal regions, O ta/m—-1,a/mto 2a/m-1, 2a/mto 3a/m-1, ... and one
“bucket” is assigned to hold numbers thait fvithin each region. There will be buckets.

The numbers are simply placed into the appropriatéeis. The algorithm could be used
with one lucket for each number (i.em = n). Alternatiely, the algorithm could be
dewloped into a dide-and-conquer method by continuallyiding the huckets into
smaller huckets. If the process is continued in thésliion until eachurket could only
contain one number, the method is similar to quicksort, except in quicksort the regions are
divided into rgions defined by “piots” (see Chapter 9). Here, we will use a limited number

of buclets. The numbers in eachdbet will be sorted using a sequential sorting algorithm,

as shown in Figure 4.8.

Sequential Algorithm. To place a number into a specifiechet requires one to
identify the rgion in which the number lies. Oneawto do this wuld be to compare the
number with the start of géons; i.e.a/m, 2a/m, 3a/m, ... . This could require as maas
m — 1 steps for each number on a sequential comphterore efective way is to dvide
the number bynand use the result to identify thediet from 0 tan— 1, one computational
step for each number (althoughidion can be rathexpensiw in time). Ifmis a paver of
2, one can simply look at the upper bits of the number in bifraryexample, ifn= 2 (8),
and the number is 1100101 in binaityfalls into reggion 110 (6), by considering the most
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Unsorted numbers

Buckets

Sort
contents
of buckets

Mergelists | | | = |------———==-=---
Sorted numbers

Figure 4.8 Bucket sort.

significant three bits. In gnevent, let us assume that placing a number intacket
requires one step, and hence placing all the numbers requsteps. If the numbers are
uniformly distributed, there should be abalm numbers in each bucket.

Next, each buakt must be sorted. Sequential sorting algorithms such as quicksort or
mergesort hava time complbaty of O(nlogn) to sortn numbers (@erage time compléty
for quicksort). The lver bound on ancompare andxehange sorting algorithm is about
nlogn comparisons (Aho, Hopcroft, and Ullman, 1974). Let us assume that the sequential
sorting algorithm actually requiredogn comparisons, one comparison beingareled as
one computational step. Thus, it will &af/m)log(n/m) steps to sort the/m numbers in
each buckt using these sequential sorting algorithms. The sorted numbers must be concat-
enated into the final sorted list. Let us assume that this concatenation requires no additional
steps. Combining all the actions, the sequential time becomes

ts = n + m((n/m)log(n/m)) = n + nlog(n/m) = O(nlog(n/m))

If n=km, wherek is a constant, we get a time comxitle of O(n). Notice that this is much
better than the lger bound for sequential compare andhange sorting algorithms.
However, it only applies when the numbers are well distributed.

Parallel Algorithm. Clearly bucket sort can be parallelized by assigning one
processor for eachubket, which reduces the second term in the preceding equation to
(n/p)log (n/p) for p processors (whene= m). This implementation is illustrated in Figure
4.9. In this ersion, each processoragines each of the numbers, so that a great deal of
wasted dbrt takes place. The implementation could be inwe by haing processors
actually remge numbers from the list into theiudkets so that these numbers are not
reconsidered by other processors.

We can further parallelize the algorithm by partitioning the sequencmirggions,
one rgjion for each processdtach processor maintaips'small” buckets and separates
the numbers in its gion into its evn small luckets. These smallugkets are then
“emptied” into thep final buckets for sorting, which requires each processor to send one
small buclet to each of the other processonsclieti to processoi). The aerall algorithm
is shavn in Figure 4.10. Notice that this method is a simple partitioning method in which
there is minimal work to create the partitions.
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Unsorted numbers

p processors

Buckets

Sort
contents
of buckets

Merge lists

Sorted numbers

Figure 4.9 One parallel version of bucket sort.
The following phases are needed:

1. Partition numbers.
2. Sort into small buckets.
3. Send to large buckets.
4. Sort large buckets.

n/m numbers d b
< > Unsorted numbers

I N
N\ N\

pprocessors () () ) c-e e o -

Small
buckets - - - -

Empty
small
buckets

Large
buckets = \V—~ @\~ V"""

Sort
contents

of buckets L. NG SN & ™

Merge lists | | | [-— - - | |
Sorted numbers

Figure 4.10 Parallel version of bucket sort.
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Phase 1 — Computation and Communicationlf we assumen computational
steps to partitiom numbers int@ regions, then the computation is

tcomp1=N

After partitioning, thep partitions containing/p numbers each are sent to the processes.
Using a broadcast or scatter routine, the communication time is:

teomm1= tstartup™ tdatdd
including the communication startup time.

Phase 2 — Computation. To separate each partition fp numbers intg small
buckets requires the time

tcomp2=1/p

Phase 3 — Communication. Next, the small bickets are distrilted. (There is no
computation in Phase 3.) Each smalcket will have aboutn/p? numbers (assuming
uniform distritution). Each process must send the contenps—df small buckets to other
processes (oneubket being held for itswn large hucket). Since each process of the
processes must make this communication, we have

tcomma=P(P — Dtstartup™ (V pz)tdate)

if these communications cannot beedapped in time and inddual send() s are used.
This is the upper bound on this phase of communication. Téer lsound would occur if
all the communications could overlap, leading to

tcomma= (@~ 1)(tstartup+ (n/pz)tdata)

In essence, each processor must communicate weiti ether processor and an “all-to-all”
mechanism wuld be appropriate. An “all-to-all” routine sends data from each process to
every other process and is illustrated in Figure 4.11. This type of routivailside in MPI
(MPI_Alltoall() ), which we assume auld be implemented morefigfently than using
individual send() s andrecv() s. The “all-to-all” routine will actually transfer thews of

an array to columns, as illustrated in Figure 4.12 (and hence transpose a matrix; see Chapter
9, Section 9.2.3).

Phase 4 — Computation. In the final phase, the @ buclets are sorted simulta-
neously. Each large bucket contains ab@pihumbers. Hence
tcompa= (/p)log(n/p)

Overall. The overall run time including communication is

to = tstartup™ tdatd) + VP + (P — Dtstartup™t (n/pz)tdateg +(n/p)log(n/p)

It is assumed that the numbers are uniformly disteith to obtain these formulas. If the
numbers are not uniformly distribed, someickets would hare more numbers than others
and sorting them wuld dominate thewerall computation time. Theawst-case scenario

would occur when all the numbers fell into one bucket!
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Process 0 Process- 1

Send Receive
buffer buffer

Send
buffer

Process 1 Process- 1 Process 0 Process- 2

Figure 4.11 *“All-to-all” broadcast.

“All-to-all”
Ao0[Ao1|Ao2|Ao3 Ao,0 A0 A2,0[As3,0
Aro[A11|A12[ A3 Ao1|ALa|A21| A3
Az o|A21| P22 P23 Ao2|A12| A2 2| Ag 2
Ago|As1|As 2| Asa Ay3| A3l Aga|Aga Figure 4.12 Effect of “all-to-all” on an

array.

4.2.2 Numerical Integration

Previously, we divided a problem and solved each subproblem. The problem was assumed
to be dvided into equal parts, and simple partitioningswemplged. Sometimes simple
partitioning will not gve the optimum solution, especially if the amount ofkwin each
part is dificult to estimate. Buekt sort, for gample, is only déctive when each ggon has
approximately the same number of numbers. Btiskrt can be modified to equalize the
work, see Kumar et al. (1994).

A general diide-and-conquer techniquerities the rgion continually into parts and
lets some optimization function decide when certajiores are stitiently divided. Let us
take a different example, numerical integration:

b
I —Iaf(x)dx
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To integrate this function (i.e., to compute the “area under theetyrwe can diide the

area into separate parts, each of which can be calculated by a separate proceggokach re
could be calculated using an approximatioregiby rectangles, as st in Figure 4.13,
wheref(p) andf(qg) are the heights of the bnedges of a rectangulagren and is the width
(theinterval). The complete intgral can be approximated by the summation of the rectan-
gular rgions fromatob. A better approximation can be obtained by aligning the rectangles
so that the upper midpoint of each rectangle intersects with the functionpasistgure
4.14. This construction has the adtage that the errors on each side of the midpoint end
tend to cancel. Another morewbus construction is to use the actual intersections of the
vertical lines with the function to create trapezoidgloes, as shen in Figure 4.15. Each
region is nav calculated as 1/8fp) + f(g))d. Such approximate numerical methods for
computing a definite inggal using a linear combination o&lues are callequadrature
methods.

o) 4

f(p) f(a)

. N b . Figure 4.13 Numerical integration using

P O q rectangles.
\
f(p) . f(q)
. * N b Figure 4.14 More accurate numerical
a p O g X" integration using rectangles.

Static Assignment. Let us consider thigapezoidalmethod. Prior to the start of
the computation, one process is statically assigned to be responsible for computing each
region. By making the interval smaller, we come closer to attaining the exact solution.
Since each calculation is of the same form, the SPMD (single program multiple data)
model is appropriate. Suppose we were to sum the arex fr@to x =b usingp processes
numbered 0 t@ — 1. The size of the gion for each process ib £ a)/p. To calculate the
area in the described manner, a section of SPMD pseudocode could be
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f(x)

f(p) f(q)
< > > Figure 4.15 Numerical integration using
a p 0 ¢ b X the trapezoidal method.
Process$;
if (i == master) { /* read number of intervals required */

printf(“Enter number of intervals );
scanf(%d”,&n);

}

bcast(&n, P group ) /* broadcast interval to all processes */
region = (b - a)/p; /* length of region for each process */
start = a + region * i; [* starting x coordinate for process */

end = start + region; /* ending x coordinate for process */
d=(b-a)n; [* size of interval */
area = 0.0;

for (x = start; x < end; x = x + d)
area = area + 0.5 * (f(x) + f(x+d)) * d;
reduce_add(&integral, &area, P group )i /* form sum of areas */

A reduce operation is used to add the areas computed by tiduadiprocesses.df com-
putational efficiency, computing each area is better if written as

area = 0.0;

for (x = start; x < end; x = x + d)
area = area + f(x) + f(x+d);

area = 0.5 *area * d;

We assume that thariablearea does notxceed the alliwable maximum alue (a possible
disadwantage of this ariation). for further eficiency we can simplify the calculation
somewhat by algebraic manipulation as follows:

3(f(a)+f(a+d)), d(f(a+d) +f(a+20)) _ 3(f(a+(n=1)8)+ f(b))
5 . 5

Area =

= 5@+ f(a+8)+ f(2a+3)... + f(a+ (n-1)5) + LT

givenn intenals each of widt®. One implementation euld be to use this formula for the
region handled by each process:
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area = 0.5 * (f(start) + f(end));

for (x = start + d; x <end; x = x + d)
area = area + f(x);

area = area * d;

Adaptive Quadrature. The methods used sarfare fine if we kn@ beforehand
the size of the intervd that will give a sufficiently close solution. We also assumed that a
fixed intenal is used across the wholgji@n. If a suitable inteal is not knavn, some form
of iteration is necessary to converge on the solution. For example, we could start with one
interval and reduce it until a didiently close approximation is obtained. This implies that
the area is recomputed with different intervals, so we cannot simply divide the total region
into a fixed number of subregions, as in the summation example.

One approach is for each process to double the number ofistsnccessively until
two successi approximations are didiently close. The tree construction could be used
for dividing regions. The depth of the tree will be limited by the numbervaflable
processes/processors. In onample, it may be possible to allcdhe tree to gno in an
unbalanced fashion as regions become computed to a sufficient accuracy. Theuftirase
ciently closewill depend upon the accuracy of the arithmetic and the application.

Another vay to terminate is use three aregd3, andC, as shan in Figure 4.16. The
computation is terminated when the area computed for thestaof theA andB regions is
sufficiently close to the sum of the areas computed for the otloereigions. For example,
if region B is the largest, terminate when the are8 &f sufficiently close to the area Af
plus the area of. Alternatively we could simply terminate wheiis suficiently small.

Such methods are kwn asadaptive quadraturéecause the solution adapts to the shape
of the cure. (Simplified formulas can be dezd for adaptie quadrature methods; see
Freeman and Phillips, 1992.)

Computations of areas undenslg varying parts of the cuevstop earlier than com-
putations of areas under more rapidrying parts. The spacing, will vary across the
interval. The consequence of this is that adiprocess assignment will not lead to the most
efficient use of processors. The load-balancing techniques described in Chapter 3, Section
3.2.2, and in more detail in Chapter 7 are more approprigehaduld point out that some
care might be needed in choosing when to terminatee@mple, the function such as
shawvn in Figure 4.17 might cause us to terminate eadytwo large gions are the same
(i.e.,C=0).

\@/

Figure 4.16 Adaptive quadrature
X  construction.
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Figure 4.17 Adaptive quadrature witrelse
x  termination.

4.2.3 N-Body Problem

TheN-body problem is concerned with determining tHecet of forces between “bodies”

(for example, astronomical bodies that are attracted to each other throwithtigraal

forces). TheN-body problem appears in other areas, including molecular dynamics and
fluid dynamics. Let usx@mine the problem in terms of astronomical systems, although the
techniques apply to other applications. We provide the basic equations to enable the appli-
cation to be coded as a programmingreise, which could use the same graphic routines

as the Mandelbrot problem of Chapter 3 for interesting graphical output.

Gravitational N-Body Problem.  The objectie is to find the positions and
movements of the bodies in space (say planets) that are subjeatitatigmaal forces from
other bodies using Newtonian laws of physics. The gravitational force between two bodies
of massesn, andmy, is given by

Gmm
=M
2

whereG is the gravitational constant ands the distance between the bodies. We see that
gravitational “forces” are described by arvénse square law hat is, the force between a
pair of bodies is proportional tor?/ wherer is the distance between the bodies. Each body
will feel the influence of each of the other bodies according to tlees& square law, and

the forces will sum together (taking into account the direction of each force). Subject to
forces, a body will accelerate according to Newton’s second law:

F=ma

wherem is the mass of the body is the force it gperiences, and is the resultant accel-
eration. Hence, all the bodies will move to new positions due to these forces and have new
velocities. For a precise numeric description, differential equations would be used (that is,
F = mdvdt andv = dx/dt, wherev is the \elocity). However, anxact “closed” solution to
theN-body problem is not known for systems with greater than three bodies.

For a computer simulation, we usalwes at particular timeg,, t;, t, etc., the time
intenvals being as short as possible to aghithe most accurate solution. Let the time
interval beAt. Then, for a particular body of massthe force is given by
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t+1 t

m(v "—vVv)
F= — /
At
and a new velocity
Vt+1 _ Vu@
m

wherev s the elocity of the body at time+ 1 and/'is the elocity of the body at time
t. If a body is moving at a velocityover the time intervalt, its position changes by

X o X = VAL
wherex'is its position at timé Once bodies me to nev positions, the forces change and
the computation has to be repeated.
The \elocity is not actually constanver the time interal, At, and hence only an
approximate answer is obtained. It can help to use a “leap-frog” computation in which
velocity and position are computed alternately; i.e.,

t+1/2 t-1/2
£t m(v -V )
At
and
t+1 t t+1/2
X -X =V At

where the elocities are computed for timeést + 1,t + 2, etc. and the positions are
computed for times+ 1/2,t + 3/2,t + 5/2, etc.

Three-Dimensional Space. Since the bodies are in a three-dimensional space, all
values are e@ctors and ha to be resokd into three direction, y, andz. In a three-
dimensional space higg a coordinate system, {, ), the distance between the bodies at

(Xa Yar Za) @nd &, Yi, Z,) is given by

r = =% (Y= ¥a)* + (25— 2,)°

The forces are resolved in the three directions, using, for example,

Gm,m, X, — X, 0

F, = mz;bEb aq
r O r O

Gmm, ¥, — Y.L

F, = m;bBb a-
r O r C

Gmm [z, —z.C
Fo= e th~Za

z 2 Or C

where the particles are of masg and m, and hae the coordinatesx{, y,, z;) and
(Xp Yor Z)- Finally, the nev position and glocity are computed. Theslocity can also be
resolhed in three directions.df a simple computer solution, usually we assume a three-
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dimensional space with #d boundaries. Actuallyhe unverse is continually>@anding
and does not have fixed boundaries!

Other Applications. Although we describe the problem in terms of astronomical
bodies, the concept can be applied to other situatiamexXample, chared particles are
also influenced by each othar this case according to Coulomalglectrostatic k& (also an
inverse square law of distance); particles of opposite charge are attracted and those of like
chage are repelled. A subtle fiifence between the problem and astronomical bodies is
that chaged particles may nve avay from each othewhereas astronomical bodies are
only attracted and hence will tend to cluster.

Sequential Code. The overall graitational N-body computation can be
described by the algorithm

for (t = 0; t < tmax; t++) [* for each time period */
for i=0;i<N;i++) { [* for each body */
F = Force_routine(i); /* compute force on i th body */
Vil new= V[l + F*dt; /* compute new velocity and
X[l new = XI[i] + V[i] new * dt; /* new position (leap-flog) */
}
for (i = 0; i < nmax; i++) { [* for each body */
x[i] = x[i] news /* update velocity and position*/
Vil=VIl  pews
}

Parallel Code. Parallelizing the sequential algorithm code can use simple parti-
tioning whereby groups of bodies are the responsibility of each procasgogach force
is “carried” in distinct messages between processomsekfer a lage number of messages
could result. The algorithm is anN?o algorithm (for one iteration) as each of théodies
is influenced by each of the othér 1 bodies. It is not feasible to use this direct algorithm
for most interestingN-body problems wherl is very large.

The time compleity can be reduced using the obsgion that a cluster of distant
bodies can be approximated as a single distant body of the total mass of the cluster sited at
the center of mass of the clustas illustrated in Figure 4.18. This clustering idea can be
applied recursively.

~ _ Center of mass
e >

.
[N ]

Distant cluster of bodies

Figure 4.18 Clustering distant bodies.

128 Partitioning and Divide-and-Conquer Strategies Chap. 4



Barnes-Hut Algorithm. A clever dvide-and-conquer formation to the problem
using this clustering idea starts with the whole space in which one cube contains the bodies
(or particles). First, this cube isvitied into eight subcubes. If a subcube contains no par-
ticles, the subcube is deleted from further consideration. If a subcube contains more than
one body it is recursiely divided until &ery subcube contains one bodihis process
creates ancttree that is, a tree with up to eight edges from each node. Tvesleepresent
cells each containing one body\e assumed the original space is a cube so that cubes
result at each level of recursion, but other assumptions are possible.)

For a two-dimensional problem, each recursive subdivision will create four subareas
and aguadtree(a tree with up to four edges from each edge; see Section 4.1.3). In general,
the tree will be ery unbalanced. Figure 4.19 illustrates the decomposition far-ditwen-
sional space (which is easier towjaand the resultant quadtree. The three-dimensional
case follows the same construction except with up to eight edges from each node.

In the Barnes-Hut algorithmBarnes and Hut, 1986), after the tree has been con-
structed, the total mass and center of mass of the subcube is stored at each node. The force
on each body can then be obtained byetrsing the tree starting at the root, stopping at a
node when the clustering approximation can be used for the particulaanodytherwise
continuing to traerse the tree dmward. In astronomicaN-body simulations, a simple
criterion for when the approximation can be made is aswell®Guppose the cluster is
enclosed in a cubic volume given by the dimenstbrxsl x d, and the distant to the center
of mass ig. Use the clustering approximation when

_q
\Y)
DI

wheref is a constant typically 1.0 or leski¢ called the opening angle). This approach can
substantially reduce the computational effort.

Subdivision
\ direction

Particles Partial quadtree

Figure 4.19 Recursive division of two-dimensional space.
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Once all the bodies lia been gien nev positions and elocities, the process is
repeated for each time period. This means that the whole octtree must be reconstructed for
each time period (because the bodiaehmowed). Constructing the tree requires a time of
O(nlogn), and so does computing all the forces, so thatibeab time complexity of the
method is Oflogn) (Barnes and Hut, 1986).

The algorithm can be described by the following:

for (t = 0; t < tmax; t++) { /* for each time period */
Build_Octtree(); /* construct Octtree (or Quadtree) */
Tot_Mass_Center(); /* compute total mass & center /*
Comp_Force(); /* traverse tree/computing forces */
Update(); /* update position/velocity */

The Build_Octtree() routine can be constructed from the positions of the bodies,
considering each body in turn. Thet_Mass_Center() routine must tnzerse the tree,
computing the total mass and center of mass at each node. This could be done recursively.
The total masdyl, is given by the simply sum of the total masses of the children:

wherem, is the total mass of thith child. The center of mass, is given by

7
C = $Z(mi><ci)
i=0

where position of the centers of massenthree components, in tkgy, andz directions.
Thecomp_Force() routine must visit nodes ascertaining whether the clustering approxima-
tion can be applied to compute the force of all the bodies in that cell. If the clustering
approximation cannot be applied, the children of the node must be visited.

The octtree will, in general, beery unbalanced, and its shape changes during the
simulation. Hence, a simple static partitioning strateill not be \ery efective in load bal-
ancing. A better @y of dviding the bodies into groups is calledthogonal recursive
bisection(Salmon, 1990). Let us describe this method in terms ab-alimensional square
area. First, aertical line is found that dides the area into twareas each with an equal
number of bodies.d¥ each area, a horizontal line is found theididis it into two areas each
with an equal number of bodies. This is repeated until there are ggmeas as processors,
and then one processor is assigned to each areaafpke of the diision is illustrated in
Figure 4.20.
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® Figure 4.20 Orthogonal recurse bisectior
method.

4.3 SUMMARY

This chapter introduced the following concepts:

» Partitioning and diide-and-conquer concepts as the basis for parallel computing
techniques

» Tree constructions

» Examples of partitioning andvdde-and-conquer problems — nameducket sort,
numerical integration, and tiN:body problem

FURTHER READING

The divide-and-conquer technique is described inyrseguential programming texts (for
example, Kruse, 1994). As we Ve seen, this technique results in a tree structure. It is
possible to construct a multiprocessor with a tree network, which would then be amenable
to divide-and-conquer problems. One optiree network machines have been constructed
with the thought that most applications can be formulatedvadedind conquer. However,
as we hag seen in Chapter 1, trees can be embedded into meshgparmibes so that it
is not necessary to va tree netwrk. Mapping diide-and-conquer algorithms onto
different architectures is the subject of research papers, such as that done by Lo and
Rajopadhye (1990).

Once a problem is partitioned, in some catg@ scheduling algorithm is appropriate
for allocating processors to partitions or processeser8ketets eplore scheduling,
including Quinn (1994), Lwis and El-Reini (1992), Moldwan (1993), and Sarkar
(1989). Mapping (static scheduling) is not considered in tRkis wever, dynamic load
balancing, in which tasks are assigned to processors duringettgtion of the program,
is considered in Chapter 7.

Bucket sort is described inxXts on sorting algorithms (see Chapter 9) and can be
found specifically in Lindstrom (1985) andagher and Han (1986). Numerical evaluation
of integrals in the conte of parallel programs can be found in Freeman and Phillips (1992),
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Gropp, Lusk, and Skjellum (1994), Lester (1993), and Smith (1993) and is often used as a
simple application of parallel programs. The original source for the Barnes-Hut algorithm
is Barnes and Hut (1986). Other papers include Bhatt et al. (1992)amneivind Salmon
(1992). Liu and W (1997) consider programming the algorithm inn C++. Apart from the
Barnes-Hutt diide-and-conquer algorithm, another approach isaberhultipole method
(Greengard and Rokhlin, 1987). Hybrid methods exist.
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PROBLEMS
Scientific/Numerical

4-1. Write a program that will pree that the maximum speedup of adding a series of numbers using
a simple partition described in Section 4.1.n8, where there an@ processes.

4-2. Using the equations developed in Section 4.1.1 for partitioning a list of numbens [xatidi-
tions that are added separatslyav that the optimumalue formto give the minimum parallel
execution time is whem = ,/p/(1+ tstartup » Where there aneprocessors. (Clue: Déren-
tiate the parallel execution time equation.)

4-3. Section 4.1.1 gees three implementations of adding numbers, using separat¢ s and
recv() S, using a broadcast routine with separate() s to return partial results and using
scatter and reduce routines. Write parallel programs for all three implementations, instrument-
ing the programs toxéract timing information (Chapter 2, Section 2.3.4), and compare the
results.

4-4. Suppose the structure of a computation consists of a binary tree le@bes (final tasks) and
logn levels. Each node in the tree consists of one computational step. What ige¢hbdand
of the execution time if the number of processors is lessthan

4-5. Analyze the diide-and-conquer method of assigning one processor to each node in a tree for
adding numbers (Section 4.1.2) in terms of communication, computatieralloparallel
execution time, speedup, and efficiency.

4-6. Complete the parallel pseudocodeegi in Section 4.1.2 for the (binary)ale-and-conquer
method for all eight processes.

4-7. Dewelop the equations for computation and communication timesnfary dvide and
conquer, following the approach used in Section 4.1.2.

4-8. Dewelop a dvide-and-conquer algorithm that finds the smalledtier in a set of values in
O(logn) steps using/2 processors. What is the time conxjtieif there are fever tham/2 pro-
cessors?

4-9. Write a parallel program with a time complexity@flogn) to compute the polynomial

f=apl +apxt +ay@ + ... +a, X"t
to any degree), where thex's, x, andn are input.

4-10. Write a parallel program that uses aidie-and-conquer approach to find the first zero in a list
of integers stored in an array. Use 16 processes and 256 numbers.
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4-11. Write parallel programs to compute the summatiomiotegers in each of the folldng ways

and assess their performance. Assumertliigt power of 2.

(@) Partition then integers inton/2 pairs. Use/2 processes to add together each pair of
integers resulting im/2 integers. Repeat the method on ti2 intggers to obtaim/4
integers and continue until the final result is obtained. (This is a binary tree algorithm.)

(b) Divide then integers inta/logn groups of logh numbers each. Us#logn processes,
each adding the numbers in one group sequentigiign add the/logn results using
method (a). This algorithm is shown in Figure 4.21.

logn numbers

T

A Binary Tree -

Result

Figure 4.21 Process diagram for Problem 4-12(b).

4-12. Write parallel programs to computéin each of the follwing ways and assess their perfor-
mance. The numbem, may be odd or even but is a positive constant.

(&) Computen! using two concurrent processes, each computing approximately half of the
complete sequence. A master process then combines the two partial results.

(b)  Computen! using a producer process and a consumer process connected tddpether
producer produces the numbers 1, 2, 3n.in sequence. The consumer accepts the
sequence of numbers from the producer and accumulates the resuli Re<,3l... .

4-13. Write a dvide-and-conquer parallel program that determines whether the numberinfal’
binary file is @en or odd (i.e., create a parity chegk Modify the program so that a bit is
attached to the contents of the file, and set to a 0 or a 1 sthrkumber of §'ewen (a parity
generator).

4-14. One way to computa is to compute the area under the cufixe = 4/(1+ x2) between 0 and
1, which is numerically equal tm Write a parallel program to calculatehis way using 10
processes. Anotheray to computatis to compute the area of a circle of radius 1 (i.e.,
mr?= ). Determine the appropriate equation for a circle, and write a parallel program to
computert this way. Comment on the two ways of computing
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4-15. Derive a formula to ealuate numerically an ingeal using the adapt quadrature method
described in Section 4.2.2. Use the approach given for the trapezoidal method.

4-16. Using any method, write a parallel program that will compute the integral

| = J‘é_oﬂu sin%%dx

4-17. Write a static assignment parallel program to computsing the formula
J‘éA/l—xzdx = E

using each of the following ways:

1. Rectangular decomposition, as illustrated in Figure 4.13
2. Rectangular decomposition, as illustrated in Figure 4.14
3. Trapezoidal decomposition, as illustrated in Figure 4.15
Evaluate each method in terms of speed and accuracy.

4-18. Find the zero crossing of a function by a bisection method. In this metfmgpotnts on the
function are computed, sdya) andf(b), wheref(a) is positve andf(b) is neative. The
function must cross sombere betweerf(a) andf(b), as illustrated in Figure 4.22. By

fo @

AN

f(b)

Figure 4.22 Bisection method for finding
the zero crossing location of a function.

successively dividing the interval, theaet location of the zero crossing can be found. Write
a dvide-and-conquer program that will find the zero crossing locations of the function
f(x) = x% - 3x + 2. (This function has two zero crossing locatiorss,1 andx = 2.)

4-19. Write a parallel program to irgeate a function using Simpssntule, which is gien as
follows:

| = sz(x)dx =
g[f(a)+4f(a+6)+2f(a+26)+4f(a+36)+2f(a+46) +...4f(a+(n=1)8) + f(b)]

whered is fixed P = (b — a)/n andn must be een]. Choose a suitable function (or arrange it
so that the function can be input).

4-20. Write a sequential program and a parallel program to simulate an astrons+himdy system,
but in two-dimensions. The bodies are initially at rest. Their initial positions and masses are to
be selected randomly (using a random number generator). Displaywhmerd of the bodies
using the graphical routines used for the Mandelbrot program found in http:/
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www.cs.uncc.edu/par_prog, or otherwise vgimg each body in a color and size to indicate its
mass.

4-21. Dewelop theN-body equations for a system of daped particles (e.g., free electrons and
positrons) that are gerned by Coulumig’law Write a sequential and a parallel program to
model this system, assuming that the particles lie in adiwensional space. Produce
graphical output showing the movement of the particles. Provide your own initial distribution
and movement of particles and solution space.

4-22. (Research problem) @&n a set oh points in a plane, delop an algorithm and parallel
program to find the points that are on the perimeter of the smatiest ntaining all of the
points, and join the points, as illustrated in Figure 4.23. This problemignkas the planar
convex hull problem and can be seld by a recurse dvide-and-conquer approactery
similar to quicksort, by recursively splitting regions into two parts using “pivot” points. There
are seeral sources for information on the planarvanhull problem, including Blelloch
(1996), Preparata and Shamos (1985), and Miller and Stout (1996).

Figure 4.23 Convex hull (Problem 4-22)

Real Life

4-23. Write a sequential and a parallel program to model the planets around the sun (or another as-
tronomical system). Produce graphical outputshg the m@ement of the planets. Ride
your own initial distribution and movement of planets. (Use real data if available.)

4-24. A major bank in your state processes a@rage of 30nillion checks a day for its @illion
customer accounts. One time-consuming problem is that of sorting the checks inthuaidi
customer-accountindles so thecan be returned with the monthly statementss(Yhe bank
handles check sorting fonsal client banks in addition to itsva.) The bank has been using
a very fst mainframe-based check sorter and the quicksort methaevelpyou hae told
the bank that you ko of a way to useN smaller computers in parallel, with each sorting
1/Nth of the 30million checks, and then ngg those partial sorts into a single sorted result.
Prior to the bank actuallywesting in the ng technology, you havbeen hired as a consultant
to simulate the process using message-passing parallel programming. Under wiadfollo
assumptions, simulate this new approach for the bank.

Assumptions:

1. Each check has three identification numbers: a nine-digit bank-identification namber
nine-digit account-identification numbhand a three-digit check number (leading zeros
are not printed or shown).

2. All checks with the same bank-identification number are to be sorted by customer
account for transmittal to that client bank.
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Estimate the speedupNfis 10; ifN is 1000. Estimate the percentage of time spent in commu-
nications versus time spent in processing.

4-25. Sue, 21 years old, comes from ery financially astuteaimily. She has beenatching her
parents save and invest for several years now, readéath8treet Journadlaily in the unier-
sity library (for free!), and has concluded that she will not be able to rely on social security
when she retires in 49 yeargrfgraduation from coltge, her parents got her a CEBR con-
taining historical daily closing priceswering every exchange-listed securfitpm January 1,
1900 to the end of last month.

For simplicity you may think of the data on the CIDR as being organized into date/
symbol/closing price records for each of the 358,000 securities thathiesn listed since
1900. (Only a fraction are listed at any given date; firms go out of business and new ones start
daily.) Similarly, you may assume that the format of a record is given by

date Last three digits of the year, followed by the “Julian date” (where January 15
is Julian 15, February 1 is Julian 32, etc.)
symbol Up to 10 characters, such as PCAI, B&#&X, or IBM.AZ, representing a

NASDAQ stock (PCA International), a mutual fund (Kaufman Aggvessi
Growth), and an option tauly IBM stock at a particular price for a particular
length of time, respectively.

closing price Three intgers, X (representing a whole number of dollars per unit),
(representing the numerator of a fractional dollar per unit), Z&nd
(representing the denominator of a fractional dollar per unit).

For example, “996033/PCAI/10/3/4" indicates that on February 2, 1996, PCA International
stock closed at $10.75 per share. Saat&/to know how manof the stocks that were listed

as of last montls’'end hee had 50 or more conseatitrading days in which thelosed either
unchanged from the prieus day or closed at a higher priceytime in the CD-RPM's
“recorded history.”

4-26. The more Samantha recalled her gratitfrs stories about the time heowthe 1963 \frld
Championship Dominos Match, the more stented to impree her skills at theame. She
had a basic problem though; she had no playing partners hafigreready improved to the
point where she consistently won every game against the few friends who still remained!
Samantha kne that computerizedersions of Go, chess, bridge, pokand checérs
had been developed, andvsao reason someone skilled in the science of computers could not
do the same for dominos. One of her computer science professors attbanmeus of the
University of Canada, U-Can-Il, had told her she could gohémg she wanted (within theo-
retical limitations, of course), and steally wanted to win that next World Championship!
Pulling out her shw, old, nearly obsolete 30dHz/64 Meg (RAM)/6 Gbyte (disk)
Pentium, she quickly deloped a straightforard, single processor simulator that she could
practice aginst. The basic outline of her approacswo hae the program compargery one
of its pieces to the pieces already played in order to determine the compastnmove. This
appeared to wolve enough computation, including rotations and trial placements of pieces,
that Samantha found herselfiting for the program to produce the compsteext move, and
becoming as bored with itame performance as with that of her old friends. Thus, she is
seeking your assistance in developing a parallel processor version.

1. Outline her single processor algorithm.

2. Outline your parallel processor algorithm.

3. Estimate the speedup that could be obtained if you were t@me8 old computers
like hers, and maka recommendation to her about either going ahead with the task or
spending $2500 touy the n&v 800MHz “Octium;” which is reputed to be 50 times
faster than her old Pentium for these kinds of simulations.
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4-27. Area, Inc., provides a numerical integration service foesdsmall engineering firms in the

138

region. When ay of those firms has a continuous function definest @ domain and is unable
to integrate it, Area, Inc., gets the calloly hae just been hired to help Area, Inc., imyats
slow delivery of computed ingration results. Area, Inc. has lost mgreach year of its
existence and is so “nonprofit” that payment of next week’s payroll is in question. Given your
desire to continue eating (and for that to continue, Area, Inc., has to pay you)yvgawoha
siderable incentive to help Area, Inc.

Given also that you lva a considerable background in parallel computing, you
recognize the problem immediately: Area, Inc., has been using a single processor to implement
a standard numerical integration algorithm.

Step 1: Divide the independent axis ifN@ven intervals.

Step 2: Approximate the area under the function ig artenal (its integral ower that interal),
by the product of the intealwidth times the functionalue when it is\ealuated at the
left edge of the interval.

Step 3: Add up alN approximations to get the total area.

Step 4: Divide the interval width in half.

Step 5: Repeat steps 44 until the total from theth repetition difers from the i(— 1)th
repetition by less than 0.001% of the magnitude ofttheotal.

Since your manager is skeptical about new-fangled parallel computing approaches, she wants
you to simulate tw different machine configurations:avwprocessors in the first, and eight pro-
cessors in the second. She has told you that a successful demonstration is key to being able to
buy more processors and to your getting paid next week.
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